Abstract. The aim of this paper is to investigate n-dimensional real submanifolds of complex manifolds in the case when the maximal holomorphic tangent space is (n−1)-dimensional. In particular, we give some examples and we consider the Levi form on these submanifolds, especially when the ambient space is a complex space form. Moreover, we show that on some remarkable class of real hypersurfaces of complex space forms, the Levi form cannot vanish identically. 0. Introduction. Let M be a real submanifold of a complex manifold M and let J be the complex structure of M . If the maximal J-invariant tangent subspace of M , called holomorphic tangent space, has constant dimension over M , then M is called a Cauchy-Riemann submanifold, or briefly a CR submanifold, and the constant complex dimension is called the CR dimension of M ([10]). This paper is devoted to the study of such submanifolds. In section 1 we give an example in which this dimension is not constant. Moreover, we prove that the above-given definition of CR submanifolds is not always equivalent to a well-known definition of Bejancu ([1]), although they coincide in the case when at each point the real dimension of the holomorphic tangent space is n − 1. In section 2 we prove that the complexification of the holomorphic tangent space is not involutive and we use the notion of the Levi form, which measures the degree to which this space fails to be involutive.
Proof.
Since H x (M ) is a subspace of T x (M ), it follows dim R H x (M ) ≤ dim T x (M ) = n. To establish the other inequality, we note that T x (M ) ⊃ T x (M )+JT x (M ) and therefore
Since dim JT x (M ) = dim T x (M ) = n, it follows that dim R H x (M ) ≥ n − p.
The lemma states that dim R H x (M ) is an even number between n − p and n. If M is a real hypersurface, then p = 1 and the only possibility is dim R H x (M ) = n − 1, i.e. the dimension of H x (M ) is constant. However, there are more possibilities for p > 1. 
a i e i + λe n + normal part,
and it follows that a i = 0 and b i = 0 for i = 1, . . . , n − 2 and that λ = g(Je n−1 , e n ). Choosing other orthonormal vectors, e n−1 and e n , we have e n−1 = e n−1 cos θ + e n sin θ, e n = −e n−1 sin θ + e n cos θ, for some θ, and therefore
This shows that λ is independent of the choice of e n−1 and e n . In particular, let
, it follows that e 1 , e 2 span T (M ) and that 
The Levi form.
In the following, we assume that M is a real submanifold of a complex manifold (M , J), with the immersion f of M into M (we denote also by f the differential of the immersion), and whose holomorphic tangent space at x is H x (M ).
We define the following subbundle of the complexification of the tangent bundle T C (M ):
Then we have 
Since M is a complex manifold, the Nijenhuis tensor
vanishes identically. Hence we have
from which it follows
Hence we may write that Jf X = f F X and Jf Y = f F Y , where F is a skew-symmetric endomorphism acting on T (M ). Thus
Further, using relation (2.1), we get
Since the left-hand side members of the last equation are tangent to M , the normal part of the right-hand side members must be zero and we obtain
As we have shown, both H (0,1) (M ) and H (1, 0) (M ) are involutive. However, this does not imply that H
, and consequently
The Levi form is defined in such a way that it measures the degree to which H C (M ) fails to be involutive. For more details, see [4] , [7] .
Lemma 2.2. A necessary and sufficient condition for
, the necessity is trivial. To prove the sufficiency, we take X ∈ H(M ). Then X ∈ J(T (M )) implies that there exists X ∈ T (M ) such that f X = Jf X and we have
which completes the proof.
Thus, we know that H C (M ) is involutive if and only if the Levi form vanishes identically.

Theorem 2.1 ([4]). Let M be a complex manifold with torsion-free affine connection ∇ whose parallel translation leaves the almost complex structure J invariant and let M be a real submanifold of M . Then we have
, where h denotes the second fundamental form with respect to ∇.
Proof. We compute
which proves the theorem. If at a point x ∈ M , we have u x (X) = 0 for any X ∈ T (M ), then from (3.1) it follows that T x (M ) is J-invariant and, consequently, even-dimensional, which is a contradiction. Therefore we have g(ξ, Jη) = 0. This means that Jη ⊥ T (M ) ⊕ span{ξ}. In other words, the subbundle T (3.5) where g denotes the induced Riemannian metric from g to M .
We denote by ∇ and ∇ the Riemannian connections of M and M respectively and by D the normal connection induced from ∇ in the normal bundle T ⊥ (M ). Then we have
The Weingarten equations are the following:
where A, A a , A a * are the shape operators for the normals ξ, ξ a , ξ a * respectively and s's are the coefficients of the normal connection D.
When the ambient complex manifold is a Kaehler manifold, then ∇J = 0. Since ξ a * = Jξ a , this, together with (3.8) and (3.9), implies that
Also, from (3.6), (3.7), (3.8) and (3.9), it follows that
Here we give some examples of CR submanifolds of maximal CR dimension.
Example 3.1. In the case when M is a real hypersurface of an almost Hermitian manifold M , the maximal J-invariant subspace is necessarily (n − 1)-dimensional and when the ambient subspace M is a complex manifold, it is the maximal holomorphic subspace. Therefore, real hypersurfaces of complex manifolds are CR submanifolds of maximal CR dimension. 
On the other hand, we may write
where ξ a , a = 1, . . . , p are local orthonormal vector fields normal to M in M . We choose ξ in such a way that ξ = f 1 ξ , then Jf X = f F X + u(X)ξ. Thus, any real hypersurface M of a complex submanifold M of M is a CR submanifold with maximal CR dimension.
Example 3.3. Let M be a real hypersurface of M and let f 1 be the immersion. Then, for any X ∈ T (M ), we put
In this case F , u and the induced Riemannian metric g from the Hermitian metric of M define an almost contact metric structure of M .
Let
. Denote by f 0 the immersion and put f = f 1 f 0 . We choose a local orthonormal basis of T
Also, we have
because M is F -invariant submanifold. Comparing the above two equations, we have u
Hence any F -invariant submanifold of a real hypersurface of M is a CR submanifold of maximal CR dimension.
In the following, we assume that the normal vector field ξ is parallel with respect to the normal connection D which is induced from ∇. Then,
from which it follows (3.14)
s a = s a * = 0, a = 1, 2, . . . , q, and, from (3.10) and (3.11),
4. Real submanifolds of a complex space form. Let M be a Kaehler manifold. Then the Riemannian connection ∇ leaves the almost complex structure J invariant, that is, ∇J = 0. We differentiate (3.1) and (3.2) covariantly and compare the tangential parts and the normal parts. Then we obtain
We assume that the ambient manifold M is a complex space form, that is, a Kaehler manifold of constant holomorphic sectional curvature 4k. Then the curvature tensor R of M has the form of
. Consequently, using (3.14) and (3.15), the Gauss equation and the Codazzi equation for the normal ξ become respectively
, where R denotes the curvature tensor of M .
In the following, we establish several formulas in the case when U is the eigenvector of the shape operator A. Let U be an eigenvector of A corresponding to the eigenvalue α. Taking the covariant derivative of AU = αU and using (4.3), we obtain (∇ X A)U + AF AX = (Xα)U + αF AX and hence
This and the Codazzi equation (4.5) yield
Putting Y = U in (4.6) and making use of AY = αU , we get
This, together with (4.6), implies that
Lemma 4.1. Let U be an eigenvector of A corresponding to the eigenvalue α and let X be the eigenvector of A corresponding to the second eigenvalue λ. Then we have
Proof. Let X be an eigenvector of A which corresponds to λ. Then, from (4.7), it follows that −2kF X + 2λAF X = αλF X + αAF X, from which Lemma 4.1 follows. (See also [2] , pp. 153.)
Let us consider the Levi form in this situation. From Theorem 2.1, we have
From this fact, we may write (4.8) as follows:
where we have used (3.1).
If ξ = ξ 1 is parallel with respect to the normal connection, using relation (3.16), we can write A a U = 0, for a = 2, . . . , p. Thus in this case, it follows that
We assume that U is an eigenvector of A corresponding to the eigenvalue α and that the Levi form vanishes at a point x ∈ M . Then from relation (4.10), we obtain Since homogeneous real hypersurfaces of a complex projective space have U as an eigenvector of the shape operator A ( [5] ), the Levi form of a homogeneous real hypersurface of a complex projective space can never vanish. Consequently, as a special case, the Levi form of the generalized equators M C p,q ( [9] ) and that of the geodesic spheres can never vanish.
Finally, when in M the Levi form vanishes identically, M is called a Levi flat submanifold. In his recent work Siu ([11] ) proved that there does not exist a smooth Levi flat hypersurface of complex projective space of dimension ≥ 3. However, if we do not assume that M is complete, the following example of a real hypersurface, which is given by Kimura ([6] ), is Levi flat. We recall that a unit sphere S 2n+1 in C n+1 is a principal bundle with structure group S 1 and projection map π. Then M = π( M ) is a real hypersurface of a complex projective space. Following [6] we calculate the second fundamental form and obtain that M is Levi flat.
